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Abstract 
Cordovil, R., K. Fukuda and M.L. Moreira, Clutters and matroids, Discrete Mathematics 89 
(1991) 161-171. 
A map on clutters (collections of incomparable sets of a given set) is a function defined from 
the class of all clutters to itself, that sends a clutter on a ground set E to a clutter on the same 
set. 
Here we study two maps on clutters, the blocker map and the complementary map. Our 
main results include simple characterizations of these maps, which essentially say: the blocker 
map (the complementary map) is the only nontrivial map interchanging contraction and 
deletion operations. We also give new forbidden minor characterizations of matroids. 
1. Introduction 
It is well known that the notion of minor is an essential tool in matroid theory 
[8-lo]. In particular, the operations of contraction and deletion naturally yield 
inductive proofs. Here we use two of the possible ways to define these operations 
for clutters which are natural generalizations of the same operations for bases and 
circuits of a matroid. 
On the other hand, the blocker map and the complementary map are natural 
maps on clutters whenever we think of them as a generalization of circuits and 
bases of a matroid, respectively. Using the convenient notion of clutter minor we 
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prove two theorems. In the first one, it is shown that the complementary map is 
the only map on clutters that interchanges contraction and deletion, generalizing 
a rest& of Kung [4, Theorem I]. The second is a similar result for the blocker 
map. 
The similarity between the second and the fourth section is clear and suggested 
to us the existence of a close connection between the two categories of clutters 
considered in this paper; unfortunately, we were not able to formalize it. 
Finally, in Section 3 (resp. 5), a forbidden minor characterization is given for 
the clutters that are the set of bases (resp. circuits) of a matroid. 
2. The compiemen~~ map 
Edmonds and Fulkerson [2] define a clutter as a family 3 of subsets of a given 
set E = E(.%), such that for B,, 32 E B, B, $ B,. (This is also called a Sperner 
family in the literature). In the next two sections we shall only consider 
non-empty clutters and, whenever we have to state explicitly the ground set 
E = E(9), a clutter 3 will be denoted by (8, E). 
Definition 2.1. 
Proposition 2.2. If 93 is clutter and e is an element of E(.93) then e is a loop or a 
coioop of 53 if and only if 93\e = 93/e. 
The following proposition will be useful for proving the main result of this 
section (Theorem 2.4 below). 
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Proposition 2.3. Let 9, 8’ be two clutters on the Same set E. Suppose that there 
are two elements of E, e and e’, such that: 
(2.3.1) 9\e = %Y\e and C-%\e’ = %‘\e’; 
(2.3.2) 93le = 9.8’1 e and %3/e’ = W/e’. 
Then 9I = .%I. 
Proof. Let 93 be a clutter on E and e, e’ be two distinct elements of E. It is 
enough to show that the clutter 9 is uniquely determined by the four minor 
minors S\e, $B\e’, B/e, B/e’. From the definitions it is easy to see that e is a 
loop (resp. a coloop) of 9 if and only if e is a loop (resp. a coloop) of the clutters 
B\e’ and 93/e’. In other words, one can always decide whether e is a loop (resp. 
a coloop) or not by using PA\e’ and S/e’. Then, from the definitions: 
i 
({B: B E B\e, E) if e is a loop of 9, 
9 = ({B U {e}: B E %\e}, E) if e is a coloop of 93, 
({B: B E C&e} U {B U {e}: B E a/e}, E) otherwise; 
and this completes the proof. Cl 
The complemental map c is the function from the class of all clutters to itself 
such that for every clutter 93 = (98, E), c(a) = ({E - B: B E %I}, E). 
Theorem 2.4. Let f be a map on clutters which interchanges contraction and 
deletion, i.e., for every clutter W and every element e E E(CXf), f (9/e) = f (93) \e 
andf(9I\e)=f(9)le. Then f is one of the following maps: 
(2.4.1) the trivial map: (9% E)+ ({E}, E); 
(2.4.2) the trivial map: (.%I, E)+ (0, E); 
(2.4.3) the complementary map. 
Corollary 2.5 ([4], Theorem 1). if f : iw+ M* is an operation on choir which 
interchanges contraction and deletion then f is one of the following operations: 
(2.5.1) the trivial operation which sends every matroid M on S to the free 
matroid on S; 
(2.5.2) the trivial operation which sends every matroid M on S to the zero 
matroid on S; 
(2.5.3) the orthogonal duality. 
To prove Theorem 2.4 we will need the next three lemmas; in all of them f is a 
map on clutters interchanging contraction and deletion. If no confusion arises, we 
will write f(%, E(g)) for f ((%‘, E(Q)) to avoid overcharged notation. 
Lemma 2.6. rf f({{e}}, {e}) = f{(O), {e)) = ({0}, {e}) then, for every clutter 
3, f (3) = (@>, E(B)). 
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Proof, The proof is by induction on 1EI. If JEl = 0, 1, there is nothing to prove. 
Now suppose that the lemma is true for all clutters B with 16 (E(S)1 s n - 1, 
n 3 2. Let 93 be a clutter with IE(S3)I = n. Then, for every element e E E(B), 
f(B)\e =f(Ble) = ({O}, E -e) = ({O}, E)\e 
and 
f(B)le =f(B\e) = ((01, E - e) = ((01, We; 
thus, from Proposition 2.3, f(9) = ({a}, E) and the lemma follows. 0 
Lemma 2.7. Zff({{e}>, {e}) =f({0>, {e)) = ({{e}}, {e}) then, for every clutter 
% f(B) = ({E(B)), E(B)). 
Proof. Consider the map f’ = c of oc. Then f’ verifies the conditions of Lemma 
2.6. As f = c of’ oc the lemma follows. Cl 
Lemma 2.8. Zff({{el>, {e>) = (f@, {e>) andf({O), {e>) = ({{e>>, {el) then, for 
every clutter 9, f(9) = c(B). 
Proof. This is analogous to the proof of Lemma 2.6. Cl 
Proof of Theorem 2.4. Suppose, for a contradiction, that there is a map on 
clutters interchanging contraction and deletion and such that f({ {e}}, {e}) = 
(Ue]], {e>) and f({0}, {e}) = ({O}, {e}). Consider the clutter 9 = 
({{I], (211, {1,2]). Then f(s)\1 =f(B/I) =f({0>, (21) = ({0), (2)) and also 
f(a)\2 = ({O}, {I)). It follows from the definitions that f(B) = ({O}, (1, 2)). On 
the other hand, 
and 
f(W1 =f(S\I) =f({{2)], (21) = (((211, (21) 
f(B)/2 = ({{I]]> {I>); 
thereforef(%) = ({{1,2}}, {1,2}) an we arrive to a contradiction. d 
Consequently, the only possible images by f of the clutters 9 with IE(93)l = 1 
are the three cases considered in the lemmas and Theorem 2.4 follows. q 
The following theorem is equivalent to Theorem 2.4 and also generalizes a 
result of Kung [4, Theorem 21. 
Theorem 2.4’. Let f be a map on clutters which commutes with contraction and 
deletion, i.e., for every clutter 93 and every element e E E(3), f(B\e) =f(B)\e 
andf(GWe)=f(93)le. Th en, if f is not one of the trivial maps characterized by the 
identities (2.4.1) and (2.4.2), it is the identity map. 
Clutters and matroids 165 
Proof. Consider the map f’ = c of; f’ is a map on clutters which interchanges 
contraction and deletion. So, from Theorem 2.4, f’ is one of the maps (2.4.1), 
(2.4.2) or (2.4.3). As ,f = c of’, the theorem follows. 0 
Remark 2.9. Theorem 2.4 implies that there exists a unique involutive map (i.e., 
such that f(f(B)) = 93) on clutters which interchanges contraction and deletion. 
Then, the complementary map may be considered as a duality on clutter theory 
with the operations of contraction and deletion defined here. For a general study 
of combinatorial dualities the reader can consult [l]. 
3. Clutters and bases 
Farber gives a forbidden minor characterization of matroids viewed as a 
particular family of clutters [3, Theorem 2 and Theorem 41. We shall begin this 
section by proving an adaptation of the results of Farber to the different notion of 
minor introduced in the previous section. 
Proposition 3.1. Let 93 be a clutter. Then 9 is the set of bases of a matroid if and 
only if %? has no minor isomorphic to any of the following clutters: 
(3.1.1) ({B,, B,}, E = B1 U &), [El ~3; 
(3.1.2) (((1, 21, (1, 31, (3, 4}}, (1, 2, 374)); 
(3.1.3) ({{1,2), {1,3), {1,4), {3,4)), (1, 2, 3, 4)). 
A clutter (9, E) is called uniform if its members are equicardinal. Note that we 
do not require lJ {B: B E 5BR) =E. We remark that every minor of a uniform 
clutter is also a uniform clutter. 
Lemma 3.2. Suppose that .%I is a uniform clutter. Then 93 is the set of bases of a 
matroid if and only if 8 has no minor isomorphic to any of the following clutters: 
(3.2.1) ({B,, &1> E = B, U &), PII = l&l 32; 
(3.2.2) the same as (3.1.2); 
(3.2.3) the same as (3.1.3). 
Proof. This lemma is similar to [3, Theorem 41. As the proof of the theorem of 
Farber is valid for the notions of contraction and deletion considered in this 
paper, the lemma follows. 0 
Proof of Proposition 3.1. If 5% is the set of bases of a matroid then it is clear that 
LB has no minor isomorphic to any of the clutters (3.1.1), (3.1.2), (3.1.3). 
To prove sufficiency, suppose that 99 is not the set of bases of a matroid. 
Consider the family of minors of 93 which are not sets of bases of a matroid and 
choose a minor LB’ in this family such that E(%‘) is minimal with respect to 
inclusion. 
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If 93’ is uniform the proposition follows from Lemma 3.2. If not, $53’ has two 
bases B1 and B2 such that (BII f IBzl. Because of the choice of $9 it must be that 
B1 U B, = E and B1 fl B2= 0. If 93’ = {B,, B2}, it is isomorphic to (3.1.1). 
Otherwise, let B E S3’\{B1, B2}. It is clear that IBI # lBll or IBI # IBzl. Without 
loss of generality we may assume JBJ # jB1l. Let x be an element of B, - B, then 
$8’ \x is not uniform and E(~‘\x) c E(9Y), contradicting the choice of 9’. •i 
Now we are able to establish the principal result of this section. 
Theorem 3.3. Let W be a clutter. The operations of contraction and deletion of 93 
are associative and commutative if and only if 93 is the set of bases of a matroid. 
Proof. Clearly, if 9 is the set of bases of a matroid M, the minors of B 
correspond to the minors of M and the two operations are associative and 
commutative. 
Suppose now that 93 is not the set of bases of a matroid. We shall prove that 
the operations are not associative and commutative. 
From Proposition 3.1, % has a minor 3 isomorphic to one of the clutters 
(3.1.1), (3.1.2) (3.1.3): 
(i) if 98’ = ({B,, B,}, E = B1 W B2), IetxE B, and JBIJ 32. Then W’/(B, -x)/B, 
= ({{x>>, (~1) but B”IB,I(BI -x) = ((01, {x>>; 
(ii) if 98 is the clutter (3.1.2) then 9’/4/1= ({{3}}, (2, 3)) but $&/l/4 = 
(((21, (3117 (29 3)); 
(iii) finally, if 9’ is the clutter (3.1.3) then 93’/4/2=({{1}, {3}}, (1, 3)) but 
9’/2/4 = ({{l}}, {1,3}), and this completes the proof. q 
4. The blocker map 
From now on, we shall denote clutters by % or (%, E) and we allow the trivial 
cases %‘=(0, E) and %=({0}, E). W e will use, for the rest of this paper, 
different definitions of contraction and deletion which are more convenient for 
the study of the blocker map. If % is a collection of sets by min{ %‘} we mean the 
collection of minimal (for inclusion) sets in %. 
Definition 4.1. Let % be a clutter and e be an element of the ground set E(q). 
Then ({C: e 4 C E %}, E - e) is a clutter; we denote it by %\e and we say that 
%\e is obtained from % by deletion of e. Similarly, min{ C - e: C E %} is a family 
of incomparable subsets of E - e; we denote this clutter by (e/e and we say that 
%‘:le is obtained from %’ by contraction of e. Combinations of these two operations 
produce the minors of %. 
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Seymour [6] was the first one to remark that the blocker map is an interesting 
tool for the study of the clutters with contraction and deletion defined in this way. 
Using ideas analogous to those of Section 2 we generalize in this section the 
duality theorem of Bland and Dietrich [l] concerning the notions of deletion and 
contraction studied here. 
The blocker map b on clutters is a function from the class of all clutters to itself 
which associates to every %’ = (Y, E), b(S) = min{C: C’ c E, C’ n C # 0, for 
every C E %}, E). 
The following propositions are proved by Seymour in [6]. 
Proposition 4.2.1. Zf % is a clutter and A, B are two disjoint subsets of the ground 
set E(V) then (%‘\A)\B = %\(A U I?), (%/A)/B = ‘%/(A U B), and (%‘/A)\B = 
(%\B)/A. 
Proposition 4.2.2. Zf C is a clutter and A is a subset of the ground set E(%) then 
b(V\A) = b(%)/A and b(%/A) = b(%)\A. 
Note also that the blocker map b is involutive (i.e., b(b(%)) = %) [2]. 
In spite of its simplicity the following proposition is an essential tool. 
Proposition 4.3. Let %I and %& be two clutters on the same set E. Zf for some 
element e of E: 
(4.3.1) %‘Je = %Je and 
(4.3.2) %,\e = V&\e. 
Then YI = %$,. 
Proof. If IEI = 0 there is nothing to prove. If for some element e E E the 
conditions (4.3.1) and (4.3.2) hold then the proposition follows from the 
equalities: 
%i = {C: C E %i\e} U {C U {e}: C E %$/e, C $ ?$\e}, i = 1, 2. 0 
Theorem 4.4. Let f be a map on clutters which interchanges contraction and 
deletion, i.e., for every clutter % and every element e E E(V), f (C/e) = f (%) \e 
andf(%\e) =f(%)le. Then f is one of the following maps: 
(4.4.1) the trivial map: (%, E)+ ({O}, E); 
(4.4.2) the trivial map: (%‘, E)-, (0, E); 
(4.4.3) the blocker map. 
Theorem 4.4 is a clear consequence of the Lemmas 4.6, 4.7, 4.7’ and 4.8 
below. In the following lemmas f is a map on clutters interchanging contraction 
and deletion. 
168 R. Cordovil et al. 
Lemma 4.5. 1. f({0>, 0) = ({0}, 0) (resp. (0,0)) then for every finite set E, 
f({@, El = ({0>, El bv. (0, El). 
Proof. Suppose that f({0}, 0) = ({O}, 0) (the other case is similar). We prove the 
lemma by induction on IEl. 
If IEl = 0 there is nothing to prove; suppose now that the lemma is true for 
IEl< n and let % = ({O}, E) with I El = n and e E E. By the induction hypothesis 
f(%)\e =f(q/e) =f({0}, E -e) = ({O}, E - e) 
and 
f(%)/e =f(U\e) =f({0>, E-e) = ({a}, E-e). 
The lemma follows from Proposition 4.3. Cl 
Lemma 4.5’. V f(0, 0) = (0, 0) (resp. ({O}, 0)) then for every finite set 
E,f(O, E) = (0, E) (resp. ({O), El). 
Proof. Consider the map f’ = b ofa b. Then f’ satisfies the condition of Lemma 
4.5. As f = b of’ 0 b the lemma follows. 
Lemma 4.6. There is no f satisfying simultaneously the initial conditions: 
(2.4.1) f({0>, 0) = ({0>,0> and 
(2.4.2) f(O, 0) = (0, 0). 
Proof of Lemma 4.6. Suppose that there is a map f satisfying both conditions, 
and let % be the clutter ({a}, {a, b}). Then f(%‘)\a =f(%?/a) =f({0}, {b}) and 
f(%)la =f(%\a) =f(0, {b)). F rom Lemmas 4.5 and 4.5’ it follows that f(Y)\ 
a = ({O}, {b}) and f(%)la = (0, {b}); the first equality implies that f(%) = 
({O}, {a, b}) and so f(%)la = ({O}, {b}) which contradicts the second 
equality. 0 
Lemma 4.7. Zff({0}, then f is trivial map: 
(% E(V)+= 
Lemma 4.7’. Zff({0}, 0) =f(0, 0) = (0, 0) then f is the trivial map: 
(T, E(q))-+ (0, E(W). 
Lemma 4.8. Zff({0}, 0) = (0, 0) and f(0, 0) = ({0}, 0) then f is the blocker map. 
Proofs of Lemma 4.7 and 4.8. These are analogous to the proof of Lemma 
4.5. 0 
Proof of Lemma 4.7’. This follows from Lemma 4.7 in the same way that Lemma 
4.5’ is deduced from Lemma 4.5. 
An interesting consequence of Theorem 4.4 is the following result of Bland and 
Dietrich [ 11. 
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Corollary 4.9. There is a unique involutive map on clutters which interchanges 
contraction and deletion. 
The following theorem is equivalent to Theorem 4.4. 
Theorem 4.4’. Let f be a map on clutters which commutes with contraction and 
deletion, i.e., for every clutter ‘G: and every element e E E(q), f (%\e) = f (Ce)\e 
and f(%/e) =f(%)/e. Then iff is not one of the trivial maps (4.4.1) or (4.4.2) it 
must be the identity map. 
Proof. Consider the map f’ = b of; f’ is a map which interchanges contraction 
and deletion. So, from Theorem 4.4, f’ is one of the maps (4.4.1), (4.4.2) or 
(4.4.3). As f = b of’ the theorem follows. 
5. Clutters and circuits 
Theorem 5.1. Let % be a clutter. Then % is not the set of circuits of a matroid if 
and only if one of the following conditions hohis: 
(5.1.1) % is the clutter ({O}, E) for any finite set E. 
(5.1.2) % has a minor isomorphic to (((1, 2}, (1, 3}}, (1, 2, 3)). 
Corollary 5.2. Let % be a clutter. Then % is not the set of bases of a matroid if and 
only if one of the following two conditions holds: 
(5.2.1) % is the clutter (0, E), for any finite set E. 
(5.2.2) %? has a minor isomorphic to ({{1}, (2, 3}}, (1, 2, 3)). 
Proof of Theorem 5.1. If % is the set of circuits of a matroid, it is clear that 
conditions (5.1.1) and (5.1.2) cannot be satisfied. Conversely, suppose that %’ is 
not the set of circuits of a matroid and % is not ({O}, E) for any finite set E. Then 
there is a minor %” of (e such that: 
(i) V’ is not ({O}, 0) and 
(ii) %’ is not the set of circuits of a matroid but every proper minor of %’ is, 
unless this minor is a clutter of the type ({O}, E). 
We prove that %’ must be, in this case, isomorphic to 
({{1,2}, {1,3)), {1,2,3)). Indeed, as {0>$ %+'I and %’ is not the set of circuits of 
a matroid, there are C1, C2 E %” (with C, # C,) and a E C, n C2 such that, for any 
C3 e q’, C3 4 (G U CJ - {a>. 
First notice that it must be C, n C2 = {a}; suppose, for a contradiction, that 
there is b E C, tl C2 with b #a and consider the clutter W’= %‘/b. As (6) and 
{O} are not elements of %‘, 97 is not of the type ({O}, E); thus %” is the set of 
circuits of a matroid M and Cl = C, - {b}, Cl = C, - {b} are circuits of M. Then, 
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there is CA E %” such that C; c (C; U C;) - {a}. From the definitions it follows 
that C; E Ce’ or C; U (6) E %’ and this is a contradiction because C; U {b} c 
(Cl U C,) - {a>. 
Notice that lCll = l&l = 2 would complete the proof. Suppose, for a contradic- 
tion, that lC,l~ 3 (the case lCzl 2 3 is similar). Let b, c be elements of C1, b #a 
and c #a, and make (e” = Y’lb. We claim that C2 E %Y. Indeed, suppose that 
C2 $ C”; from the definitions it follows that there is Cl E %” such that Cl c 
C,(Ci#C,) and C,=C~U{~}E’%‘. If a$C, then C,c(C1UC2)-{a} which 
contradicts our hypothesis on %‘; thus, a E C,. Also Cqf C1 (if C, = C, then 
C1 = {a, b} contradicting lC,l Z= 3). Now, let e be an element of C2 - C,; 
C1, C4 E %‘/e which is the set of circuits of a matroid. So, as C1 # C4 and 
a E Ci n Cd, there is C3 E (e’le such that C3 c (C, U C,) - {a}, a contradiction 
because C3 U {e} E %” and C3 U {e} c (Cl U C,) - {a}. Then our claim is true: 
Cz E %‘I’. On the other hand, since C; = Ci - {b}, C; also belongs to (e”, C; # Cz, 
a E C; II C2 and there is C; E Y” such that C; c (C; U C,) - {a}; this leads us to a 
contradiction with our hypothesis on %’ because C; or C; U {b} is an element of 
V’ which is included in (C, U C,) - {a}. The contradiction results from the 
hypothesis ICil 2 3 and the theorem follows. 0 
Proof of Corollary 5.2. It is well known (see [S-9]) that a clutter % is the set of 
circuits of a matroid M if and only if b(%) is the set of bases of M*. So Corollary 
5.2 clearly results from Theorem 5.1 and Propositions 4.2.1 and 4.2.2. Cl 
Next characterization theorem is a result of Vaderlind [7, Proposition 2.31 that 
can be proved by making use of two lemmas with matroid flavour, Lemma 5.3.1 
and 5.3.2 below, whose proofs we leave to the reader. To state it, it is necessary 
to define a new map on clutters: 
the map * that to every clutter % = (%, E) associates the clutter 
* (%) = (min{X: X c E, X # 0 and 1X fl Cl # 1, for every C E %}, E). 
We remark that if % is the set of circuits of a matroid M then *(%) is the set of 
circuits of M*, the orthogonal of M (see [8-91). 
If Ce is a clutter we put b(%) = W*, c(93*) = B and b(%) = %*. Notice that, as 
the maps b and c are involutive, one of the clutters %, %‘*, 3, 6B* is enough to 
determine all the others. 
Theorem 5.3 [7, Proposition 2.31. A clutter % is the set of circuits of a matroid if 
and only if % is a fixed point of the map b 0 c 0 b 0 *. 
Corollary 5.4. A clutter is the set of bases of a matroid if and only if it is a fixed 
point of the map bo*oboc. 
Lemma 5.3.1. For every B E 93 and every x E B there is C* E %* such that 
C*rTB={x}. 
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Lemma 5.3.2. % = min{C: C c E(93) and C # B for all B E %I}. 
Proof of Theorem 5.3. First notice that, as b and c are involutive maps, 
b 0 c 0 b 0 *(Vi’) = % is equivalent to b 0 c 0 b( %) = *( %). If % is the set of circuits of 
a matroid the last identity is a well-known result [7-81. To prove the converse let 
V be a clutter such that b oc 0 b(Z) = *(Ye) and suppose, for a contradiction, that 
% is not the set of circuits of a matroid. In this case there are C1, C2(C1 # C,) and 
a E C1 n C2 such that there is no C3 E V satisfying C3 c (C, U C,) - {a}; so, using 
Lemma 5.3.2, we can show that there is B E 6% such that (C, UC,) - {a} c B. 
Now, from Lemma 5.3.1, for an element x of Ci - Cz, there is C* E %* such 
that C* tl B = {x}. As, by assumption, bocob(%) = %* = *(%) we must have 
JC* fl Ci] # 1 and so C* II C1 = {a, x}. This implies C* fl Cz = {a}, a contradiction 
that finishes our proof. 0 
Proof of Corollary 5.4. Noticing that, Ce is the set of circuits of a matroid M if 
and only if c 0 b( %) is the set of bases of M, the Corollary is clearly a consequence 
of Theorem 5.3 and Propositions 4.2.1 and 4.2.2. 0 
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